This work approaches the problem of triangulating algebraic curves and surfaces with a subdivision-style algorithm using A-patches. An algebraic curve or surface is converted from the monomial basis to the BernsteinBezier basis over a simplex. If the coefficients are all positive or all negative, then the curve or surface does not pass through the domain simplex. If the scalar Bernstein coefficients are of mixed sign and have a layer separating the positive from the negative, then the patch is in A-patch format and can be efficiently tessellated. Cases of mixed sign without a separating layer are resolved by subdividing the structure into a set of smaller patches and repeating the algorithm. Using A-patches to generate a tessellation of the surface has the advantage of reducing the amount of subdivision required. And because of the A-patch properties, we are guaranteed that features within the designated region will not be missed.
INTRODUCTION
With modern graphics cards, it is possible to render implicit surfaces directly on the GPU without tessellating them. However, tessellation is still one viable method of rendering implicit surfaces, and fast, accurate methods of tessellation remain important. One prevalent method of triangulating implicit surfaces involves the use of subdivision, which is the process of dividing space into regions that can be recursively split into increasingly smaller regions.
There are several advantages in using A-Patches to construct a triangular approximation of an algebraic surface, which are the ease in which A-Patches can be evaluated for low degree polynomials and the ease in which points on the surface can be found within an area that is in A-Patch form. Most importantly, it can be shown that a domain that conforms to specific A-Patch configurations has a small number of single-sheeted orientations that can exist within the patch. This removes various ambiguities that could pose problems when evaluating complex surfaces, such as self-intersections and singularities.
Some subdivision algorithms require subdomains to be highly subdivided to generate a tessellation with a high sampling rate, which is used to generate a high quality surface approximation. The A-Patch method can finely tessellate surfaces with less use of repeated recursive subdivision of the target space. More importantly, our method will not misclassify multisheeted regions as having a single sheet, nor will it miss small, disconnected components within the region of interest.
Background
An implicit surface in 3-space is the set of all points where F(x, y, z) = 0. If F is polynomial, then the surface is said to be algebraic. The problem of tessellating an implicit surface has been tackled in the past, and such schemes can be classified in one of several categories. Subdivision schemes such as Marching Cubes (Lorensen and Cline, 1987) attempt to find a polygonalization of an implicit surface by dividing the space into a three dimensional grid. The grid cells are further divided to smaller components. This class of algorithm can make the surface extremely costly to evaluate at areas of high precision.
Ray casting is another method to generate a polygonalization of an algebraic surface, which is done by finding intersections between lines projected from an origin point and the surface. Although ray casting can tessellate a surface to any arbitrary degree of precision by casting an increasing number of rays, it must rely on alternate methods for detecting anomalies such as self-intersections and singularities. Also, although the method can sample an arbitrary number of points on the surface, ray casting cannot infer the topology of the surface without using a point cloud surface construction algorithm (Wang et al., 2005) .
There exists another class of approximating algebraic surfaces using piecewise parametric surfaces. Bajaj and Xu propose one such technique (Bajaj and Xu, 1997) , with parametric surface patches being grown around pre-computed seed singularities. This method provides the advantage of generating a parametric representation of the surface (as opposed to a piecewise linear approximation) of the surface, although the process involved requires several major steps, including computation of the singularities, direct triangulation, and fitting parametric patches over the triangulation. On the other hand, Jepp, van Overveld, Wyvill, and Wyvill (Wyvill et al., 2000) propose a method combining marching cubes with subdivision surfaces to approximate an implicit surface. This method is capable of generating approximations at real-time speeds, but the accuracy of the surface in relation to the defined algebraic surface is sacrificed as a result.
Previous Work
The concept of the trivariate Bernstein-Bézier basis representation within a tetrahedral volume is not new. Sederberg (Sederberg, 1985) defines such a structure, which he calls an algebraic surface patch, as a tool for modeling free form algebraic surfaces due to its ability to define a wide variety of surfaces with a low degree compared to parametric surfaces and since they inherently define half-spaces, which is useful for modeling solid geometry. Bajaj (Bajaj and Ihm, 1992) proposed using A-patches for fitting surface data and later (Bajaj et al., 1995) proposed a method of building models using piecewise A-patches. Specifically, a set of A-patches is used to construct models that are C 1 continuous and match the topology of the original model specification. A-patches were also proposed for constructing algebraic surfaces (Bajaj and Xu, 1997) , although unlike the method presented here it uses the patches as spline surfaces that approximate the algebraic surface as opposed to using A-patch properties to compute points on the surface.
The use of subdivision algorithms for tessellating algebraic surfaces is not a recent phenomenon, with Bloomenthal (Bloomenthal, 1988) proposing a tessellation method that relies on repeated subdivision of a domain space and surface-line intersection evaluation. Further, more recent work on subdivisionstyle polygonalization algorithms have been pursued by Belyaev and Ohtake (Ohtake and Belyaev, 2002) on implicit surfaces with sharp features. Unlike previous subdivision methods, our A-patch scheme relies on the tetrahedron as opposed to the cube as a unit space. This is due to the geometric requirements dictated by the structure of the A-patch, although subdividing a tetrahedron is a more difficult task than subdividing a cube. This paper will investigate both the theoretical and implementation aspects of the basic A-patch surface approximation method. We begin with a review of A-patches, after which we present an algorithm for finding a piecewise linear approximation to a 2D algebraic curve. We then generalize the algorithm to tessellate algebraic surfaces in 3D.
A-patch BASICS
An algebraic surface patch (also known as an Apatch) is essentially a piece of an algebraic surface that is constrained within an arbitrary tetrahedron. The contour of the surface contained within the tetrahedron is determined by the weight of its control points. In A-patch form, the algebraic surface is represented in the Bernstein-Bézier basis. Normally, algebraics are represented as a vector of scalars that corresponds to the monomial basis 
The scalar coefficients C i (also called control points) have no location in the space we are interested in, although one can imagine them to be distributed evenly across the triangular domain as Bernstein/Bézier control points of the patch as seen in Figure 1 ; this visualization will be particularly helpful when talking about the separating layer of control points in the later sections of this paper. For a Bernstein/Bézier representation to be an A-patch, its coefficients must satisfy certain conditions on their signs, as we will discuss in Sections 4 and 5.
TESSELLATING ALGEBRAIC CURVES AND SURFACES USING A-PATCHES
The two dimensional representation of a polynomial curve in monomial form is similar to its three dimensional surface counterpart. The only difference is that there is one less variable. This means that the monomial basis becomes
where 0 ≤ a, b and a + b = n. The bivariate BernsteinBézier basis is
where i = (i 0 , i 1 , i 2 ) with 0 ≤ i 0 , i 1 , i 2 and i 0 + i 1 + i 2 = n and where p 0 , p 1 , and p 2 are the Barycentric coordinates of P relative to a domain triangle T = ABC.
Standard change of basis algorithms can be used to convert between the monomial and Bernstein representations. Evaluating the algebraic function in Bernstein form at a point in the region can be accomplished by performing a de Casteljau evaluation of the A-patch. de Casteljau's algorithm also subdivides a curve into two sets of control points, each of which is the representation for the curve over a subdomain determined by the evaluation point. de Casteljau's algorithm can also subdivide higher order Bézier functions, although these methods become more complex as the dimension increases. For details on BernsteinBézier representations, change of bases, and subdivision algorithms, see (Farin, 2002) .
Conditional A-patches and Application
A-patches have six characteristics that are defined by Sederberg in his paper regarding algebraic surface patches (Sederberg, 1985) . These come into play when we devise methods to generate tessellations from A-patches. We list the two properties that are most important for our purposes:
Point Interpolation Property. F(P) at any of the tetrahedral vertices corresponds to the weight of the control point at that vertex.
Line Interpolation Property. If the weights of all the control points along an edge are zero, then the edge interpolates the surface F(P) = 0.
More importantly, Sederberg (Sederberg, 1985 ) (Sederberg and Anderson, 1985) and Guo (Guo, 1995) showed that if monotonicity conditions hold on edge lines of a tetrahedron then all parallel lines will intersect the algebraic surface at most once. Bajaj (Bajaj et al., 1995) elaborates on this by formalizing the concept of the three-sided and four-sided algebraic patch, both of which are shown to be singlesheeted and non-singular. In addition, the algebraic patches Bajaj propose do not require the monotonic conditions outlined by Sederberg, and instead impose restrictions on the signs of the coefficients.
We restate Bajaj's definition of three and foursided A-patches:
Definition: Three-sided Patch. Let the surface patch S F be smooth on the boundary of the tetrahedron T = e 0 e 1 e 2 e 3 . If any open line segment
intersects S F at most once (counting multiplicities), then we call S F a three-sided j-patch.
Definition: Four-sided Patch. Let the surface patch S F be smooth on the boundary of the tetrahedron T = e 0 e 1 e 2 e 3 ). Let (i, j, k, l) be a permutation of (1, 2, 3, 4) . If any open line segment (α * , β * ) with α * ∈ (e i e j ) and β * ∈ (e k e l ) intersects S F at most once (counting multiplicities), then we call S F a four-sided i j-kl-patch.
Using the above information we can generate approximations of surfaces and curves with three and four-sided A-patches and their two dimensional equivalent. To find this using just the Bernstein coefficients and the domain tetrahedron, we must find a set of edge points whose weights have opposite signs. From there we can find the point between the pairs where F(P) = 0. Sections 4 and 5 will elaborate on the basic outline provided here.
THEOREMS
From the basic properties of A-patches we can derive a number of theorems that will be relevant to the A-patch tessellation algorithm. Although Bajaj states conditions for a single-sheeted surface, we must also determine regions that do not contain the surface. The following theorems justify the method to find these regions by finite subdivision of the region and investigation of the coefficients of the empty regions.
Proof: This follows immediately from the Bernstein basis functions forming a convex combination over T .
Theorem 2: Given a dimension d, degree n algebraic function F whose value is strictly greater than ε > 0 on the interior of a simplex T and where the Bernstein representation of F over T has coefficients of mixed sign. Then over any aligned subsimplex T s of T with edge lengths no greater than Proof Sketch: The proof proceeds by considering an arbitrary, aligned subsimplex whose edges are half the length of the initial simplex. We can show that the most negative coefficient of the subsimplex will be at least a fixed amount larger than the most negative coefficient of the initial simplex, where the fixed amount is dependent on ε, d, and n (i.e., it is independent of the Bernstein coefficients). From here, we just find the number of "halvings" needed to ensure that all the Bernstein coefficients are positive. See (Luk, 2008) for details.
Lemma 3: For any set of simplices covering T where each simplex can be embedded in an aligned subsimplex of T of size 1 2 −N(2d+2) n /ε then the Bernstein coefficients of F over each subsimplex will be non-negative.
Proof: The lemma follows immediately from the Theorem 2.
Comments: The theorems and lemmas also hold for F(p) < 0, F(p) < ε < 0, etc. Also note that Lemma 3 is a very loose bound on the number of subdivisions needed to have all the coefficients be of one sign when working in a region where F(p) > 0; in general, we expect (and observed) much faster convergence than this. While Theorem 1 is a well known simple observation, Theorem 2 and Lemma 3 are new and are a specialized generalization of the property that the Bézier curve control polygon converges to the curve under repeated subdivision.
APPROXIMATING ALGEBRAIC CURVES
We begin by presenting a method for finding a piecewise linear approximation to a 2D algebraic curve. We assume that the user has selected a region of interest, and that this region has been triangulated. We then find the Bernstein representation for the algebraic function over each triangle. After converting to Bernstein-Bézier format, it is necessary to determine whether each triangle contains the curve. This can be determined by examining the sign of the Bernstein coefficients. If all the coefficients of a triangle are non-zero and of one sign, then the curve does not pass through the triangle (Theorem 1), and the triangle need no longer be considered.
Triangles with Bernstein-Bézier coefficients of mixed sign can be categorized into two different classes. The first is what we will refer to as a twopointed A-patch. For a Bernstein representation to be a two-pointed A-patch with domain triangle T = ABC, there must exist a vertex control point (assume it is A for discussion) such that F(A) does not have the same sign as F(B) and F(C). In addition, there must exist a layer of mixed-sign control points that separates a set of positive control points from a set of negative control points, illustrated in Figure 2 . See (Bajaj and Xu, 1997) for a more formal definition of an A-patch.
If the Bernstein representation is a two-pointed A-patch, then the curve can be approximated within the domain of the patch as described in the next section. Otherwise, we will perform a 4-to-1 subdivision of the triangle. The control points of the four new patches are computed and the search for a separating layer is performed on each subtriangle.
In our implementation, we used a 4-to-1 subdivision (Böhm, 1983) ; however, a 2-to-1 subdivision would produced similar results and would be easier to implement (Peters, 1994) .
Approximating the Curve
Let ABC be the domain for a two-pointed A-patch F with a separating layer. In this situation, two of the corner Bézier coefficients will have one sign (e.g., F(A) > 0 and F(B) > 0), and the third coefficient (e.g., F(C) < 0) will have the opposite sign. Because of the separating property, the algebraic function's value at any point on the edge AB will have the same sign as F(A) and F(B). We will sample AB for a sequence of points, P 1 , P 2 , . . . , P s , and for each point P i , we consider the line between it and C.
TESSELLATING ALGEBRAIC CURVES AND SURFACES USING A-PATCHES
Again, because of the separating layer, there is one zero of F along the line segment P i C. A numerical search can quickly find this zero. Our piecewise linear approximation to the curve in this region is made by connecting this sequence points at which F is zero. The single-sheeted properties of the patch will guarantee that by interpolating from one vertex to the other we do not need to consider certain features, such as those seen in Figure 3 . Figure 4 shows some examples of implicit curves evaluated in this manner. Lemma 3 ensures that we will eventually stop subdividing in regions that do not contain the curve. However, if there is a singularity in the curve, an A-patch over any triangular region containing this singularity will not have a separating layer. As the algorithm refines in this region, the singularity will become more and more localized, but if the precise location of the singularity is desired, another method must be used to find it. Figure 5 shows the subdivision of space of a curve that has a singularity. Notice the increasing depth of subdivision near the singularity. Also note that subdivision stops fairly quickly in regions not containing the curve, and that away from the singularity, the triangles were in A-patch format at a fairly coarse level, even if the curve just clipped a triangle or if the curve passed through the triangle at unusual angles.
TESSELLATING ALGEBRAIC SURFACES
We now consider algebraic surfaces. To improve computational efficiency of the surface construction algorithm it is essential to have a good subdivision scheme. Unfortunately, unlike triangles the regular tetrahedron cannot be constructed from a small number of regular tetrahedra, which makes both subdivision and tetrahedron layout non-trivial problems. We chose to abandon the use of regular tetrahedra and worked with axis-aligned grids of cubes, with each cube containing a set of tetrahedra instead. The use of axis-aligned cubes has advantages in making the structure easier to understand and implement, as well as accommodating a reasonable subdivision scheme. We considered two schemes for A-patch layout and subdivision based on the axis-aligned cube. The first method is defined by dividing the cube into five separate tetrahedron, shown in Figure 7 , left. This arrangement results in a cube that is created with a minimum number of A-patches. Unfortunately, in this layout adjacent cubes must be placed in a specific way such that the faces of each A-patch are shared with its neighbour otherwise tearing artifacts will appear when the final result is rendered.
The second method divides the cube into twelve tetrahedron, outlined in Figure 7 , right. This configuration has a couple of advantages, the first being that the faces of every patch along the face of a cube match perfectly with the faces of an adjacent cube's patches, provided that all the cubes follow the same A-patch layout. A second advantage is that the tetrahedron within the cube are of the same size and shape. Finally unlike the previous method there is no requirement for the cubes to be arranged in an octet to guarantee that the patch faces match up, which simplifies the implementation. Unfortunately this method also yields over twice the number of patches than the 5-patch cube over the same domain, which slows down the algorithm by a corresponding amount. Due to the decrease in the number of A-patch computations we decided to use the first method in the final implementation.
Criteria for Subdivision and Evaluation
As with the evaluation of two dimensional A-patches we must determine whether or not the function lies within the domain. Again, by analyzing the pattern of the control points in the patch we can infer various characteristics about it. A-patches with mixed-sign control points fall under one of three categories, two of which are suitable for evaluation. The two ideal patches are outlined by Bajaj (Bajaj and Xu, 1997) , which he refers to as three-sided and four-sided A-patches. Both three and four-sided A-patches contain a separating layer of control points similar to that found in the twodimensional case, although in this instance the control points extend in an extra dimension. Three-sided A-patches contain one vertex control point that has Figure 4 : Curve approximations generated by the implementation. From upper left clockwise: x 4 + 3x 2 y 2 + 2y 4 − 2x 2 + 3y 2 + 0.2 = 0, x 4 + 4x 2 y 2 + 4x 2 y − 3x 2 + 3y 2 − 4y = 0, x 4 − 2x 2 + 2y 2 = 0, and 2x 3 − 2x 4 − y 2 = 0. The right two examples show functions that have areas that cannot be approximated exactly at the point of the singularity. a different sign than the other three while four-sided patches contain two pairs of vertex control points that have different signs from each other. Figure 8 shows an example of separating layers for three and foursided A-patches. Note that three-sided A-patches contain triangular-shaped surfaces while four-sided A-patches contain quadrilateral-shaped surfaces.
If all the tetrahedron within a cube have entirely positive or negative control points and/or passes the three or four-sided A-patch criteria then it is possible to approximate the surface that passes through the cubic area using the method outlined in the next section. Otherwise we subdivide the cube into eight separate cubes. New Bernstein representations are computed for the tetrahedrons in the subdivided cubes, and the process is repeated until all the patches are in the desired configuration. This may require multiple levels of subdivision.
Tessellating the Surface
Once we have determined which tetrahedron are Apatches, we can generate a piecewise linear approximation of the surface. We will use the same method to determine a zero-set of the implicit function within the domain of the patch as before, although the method for evaluating the surface differs between a three and four-sided patch. The main difference between the two situations lies in the number of points to evaluate and the method in which pivoting points are selected for finding a particular member of the zero-set.
In the case of a three-sided patch, we know that F has one sign at three of the corners of the domain tetrahedron T = ABCD, and the opposite sign at the fourth corner. Assume that F has the same sign at A, B,C. Since we have a separating arrangement of control points, F has the same sign at all point on the interior of ABC. We setup a triangular grid across this face, and for each point P on the grid, we construct a line to D. The separating arrangement of coefficients ensure that F(P) and F(D) have opposite signs, and further that there is exactly one zero on the line segment PD. Again, we find this zero by a numerical search method.
Having found a zero of F corresponding to each point on the triangular grid on triangle ABC, we connect these zero points in the triangular arrangement suggested by the triangular grid. This forms a piecewise linear approximation to F over T .
In the four-sided patch case, things differ in that two corners of T = ABCD have one sign (e.g., F(A) > 0, F(B) > 0), while the other two corners have the opposite sign (e.g., F(C) < 0, F(d) < 0). In this case, we uniformly sample both line segments AB and CD, and form all connections between sample points on one edge to the sample points on the other edge. Along each line segment, there will be exactly one zero, which can be found with numerical search. The result will be a rectilinear grid that approximates F over T . The tessellation algorithm for both three and four-sided patches is illustrated in Figure 9 . Note that unlike the other figures, in this figure the points are not representative of A-patch control points/coefficients, but instead are actual points in space. Figure 10 show several surfaces that were approximated using the implementation.
Note that as described, it is possible that the subdivision of adjacent regions will be at different depths, which can lead to a non-watertight boundary. This in turn can lead to pixel drop-out. We implemented a simple stitching scheme to address this problem (Figure 11) (Luk, 2008) .
CONCLUSIONS
The A-patch method for approximating implicit curves and surfaces is a sound one, both in theory and in practice. The theorems outlined in the Section 3 demonstrate the convergence of the algorithm in domains that do not contain the surface. But although the theory guarantees that we can eventually decide the surface does not exist in regions not containing the surface, so far we have no guarantees that the algorithm will find A-patches for portions of the space that do not contain singularities. However, our test cases show the effectiveness of the method in finding a surface approximation in domains that contain it, strongly suggesting that the method will converge to A-patches for portions of the surface not near sin- gularities.
The big advantage of our algorithm is that for algebraics, it avoids certain problems in tessellating implicit surfaces. In particular, over the region of interest, our algorithm is guaranteed not to misclassify multiple sheets as a single sheet, nor will it miss small disconnected features. Simplices containing such features will not be in A-patch format, and the algorithm will subdivide the region until the multiple sheets are separated, the small disconnect components found, or the maximal subdivision depth is reached (in which case these regions are flagged as special).
Like a vast majority of the algebraic approximation methods ours cannot properly identify the singularities of the algebraic surface unless it is coincident with a vertex control point of an A-patch. However, even in the worst case the A-patch method is capable of approximating a singularity point to an arbitrary distance from the point of singularity via subdivision, which gives us an unambiguous surface contour to work on to complete the surface approximation accurately. Figure 12 shows how repeated subdivision of an algebraic surface with a singularity can generate an infinitely close approximation of the singularity without ever finding it.
